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Vibration Compensation in Optical Tracking Systems

Enrique Barbieri,* Umit Ozgiiner, and Stephen Yurkovichi
Ohio State University, Columbus, Ohio

Modeling and control of multiple-mirror/fiexible-slewing structures are considered. Primary applications for such
systems include line-of-sight pointing systems on large flexible structures, space telerobotic systems, and space
telescope systems. Analysis can be accomplished in a four-stage process: 1) relegation of control tasks; 2) flexible
structure modeling and the slewing control problem; 3) vibration compensation using mirror actuators; and 4) active
vibration damping with additional (structural) actuation. In the present paper, the first and third stages of the
process are addressed. Relegation is achieved under the assumption that the optical ray hits the center of the
following mirror along the ray path. Vibration compensation is then cast into the framework of a decentralized
servocompensator problem. A recently developed optimal solution approach is utilized. A particular system is
examined in detail, and control simulations are included to illustrate the results.

I. Introduction

VER the last two decades, the increasing demands

placed on lightweight design and construction of large
space structures have led to a significant need for tight control
requirements, especially for objectives such as pointing and
rapid reorientation. Moreover, these control objectives must
be achieved to facilitate the various functions of large satel-
lites, spacecraft, and space telescopes, which include surveil-
lance, defense, space exploration, astronomy, and general
communications. Several prograins have been oriented toward
NASA’s Space Station, where it is projected that nearly half
of the experiments involved will require some form of point-
ing control systems for various line-of-sight (LOS) require-
ments.! That is, simultaneous control of attitude and LOS
tasks (such as communication beam orientation) plays a
major role in controller design.? On the topic of optical
systems and mirror control, NASA’s large Space Telescope,’
requiring high-precision imaging through wavefront and
pointing control, serves as a prime example. Active optics for
compensation of wavefront distortion®® and, to a lesser de-
gree, optical ray pointing,” present challenging problems from
a control design perspective on current and future space
telescope systems. Other experimental setups arising mainly
from the Active Control of Space Structures program that
consist of a flexible supporting structure/mirror system in-
clude Draper model 2,° the Joint Optics Structures Experi-
ment,>'® and the Rapid Retargeting and Precision Pointing
(R2P2) experiment.!! The primary goal in all of these efforts
is to meet stringent LOS and jitter control requirements to
accommodate disturbances of realistic size and bandwidth,
where typical control functions may include target acquisition
and tracking, pointing and rapid retargeting and so on.
To that end, several types of cortrol ideas are being studied,
such as the design and experimental validation of on-off
thrusters that minimize structural vibrations, hub control,
proof-mass actuation on the structure, and distributed control
and sensing.!? Minimum-time reorientation maneuvers have
been considered recently as a direct application of the current
on-off control technology.!*!* A positivity design approach
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has been applied to the Draper model 2,'* a robustness
optimization method has been applied successfully to a re-
duced-order model of the R2P2 experiment,!! and optics
control issues were discussed and evaluated for the Large
Optics Demonstration Experiment (LODE) and LODE Ad-
vanced Mirror Program.!® These works have also stimulated
the study of single-plane and segmented-mirror control sys-

‘temns, such as in Ref. 16, for robust control in the presence of

disturbances acting on the system from control forces, power
systems, or other external forces.

In this paper, we propose analysis and control design for
optical tracking systems, in general, in a four stage process: 1)
Relegation of control tasks; 2) Flexible structure modeling
and the slewing control problem; 3) Vibration compensation
using mirror actuators; and 4) Active vibration damping with
additional (structural) actuation. Clearly, it is not possible to
consider the complete problem and the ramifications of select-
ing a particular modeling/control technique in one single
paper. Therefore, only the first and third stages of the preced-
ing process are addressed here. Relegation is one of the most
critical issues in controller design for such systems, and
involves decisions on how to optimally utilize the various
effectors (mirror/actuator systems) with different dynamic
range capabilities and bandwidth characteristics; methods of
decentralization'”™' thus play an important role. Similar is-
sues exist for the use of sensed information regarding distur-
bance vibrations in the design of active damping in structural
control. A strategy of major importance toward these ends
that is investigated is the merging of centralized and decen-
tralized control schemes as dictated by the physical system
and modeling thereof. For example, assuming that individual
mirror systems have position and rate sensing locally available
only to that system, it is reasonable to design local control in
a decentralized setting relegated precisely for tilt and rotation.
On the other hand, for example, slewing control is better cast
in a centralized setting. In the present study, we shall assume
that the relevant relegation problem is that of set-point relega-
tion for the mirror actuators.

The primary contribution of this work involves investiga-
tion of issues related to the modeling and control of flexible
structures on which are mounted movable mirrors for optical
ray-tracing systems after slew and reorientation maneuvers.
That is, we assume that the slewing maneuver has been
accomplished; the problem is now that of mirror control for
ray pointing to accommodate the flexible disturbance intro-
duced by the vibrating structure. In the next section, the
mirror actuator control is cast into the framework of a
decentralized servocompensator problem. Section III contains
the development for a specific optical tracking system. Section
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IV describes the design of a reduced-order optimal servocom-
pensator. Control simulations illustrating the design are
included.

II. Problem Formulation

We consider a general optical tracking system consisting of
a large flexible supporting structure on which a number of
rigid mirrors are mounted that can be independently con-
trolled for precision ray pointing. The (decentralized) mirror
control problem is then the design of a local servocompensa-
tor, which will regulate the local pointing error against un-
wanted disturbances.

We will assume that the coupling between actuator dynam-
ics and the associated rigid-body dynamics may be modeled as
a linear, time-invariant (LTI) system for which a controller,
or decentralized controllers, are to be designed. Furthermore,
the vibrations induced by the flexible structure are modeled as
additive disturbances to the mirror positions. These effects
may be modeled a priori but not measured on-line. Consider,
then, the general LTI system consisting of v control agents
described by

x=Ax+ Y, Bu +Ed (1
i=1

y1=Cx + Du; + F9, e;=y;—yi, i=L.y (2

where x € R” is the state, #; € R™ and y, € R" are the input
and the output for the ith control agent (i = 1,...,v), respec-
tively, and 6 € R’ is an unmeasurable disturbance satisfying
4 =Aq, 0=Tyg 3
which is a model of the flexible structure that retains / modes,
and could be obtained by using finite-element techniques or
from finite modal expansions of the appropriate equations of

motion.?>?2 The ith error ¢; € R" is the difference between y;
and a specified reference input

J’f = Gzo- + Hiq: i= 1,...,V (4)
where o € R” satisfies
6 =A,0 (5

Note that Eq. (4) implies that the reference signal also may
contain frequencies of the vibrating structure. Furthermore, it
is assumed that the output

y"=C"x +D"u; + F"S

where y7 e R is available for measurement by the ith
control agent (i = 1,...,v). All matrices involved are constant
and appropriately dimensioned.

The optimal decentralized controllers for system (1) are of
the form

U, = Ktlit + K%}’h—, i= 1,-..,\) (6)

where 7, £ y?” — D"u, and #; is the output of the ith local
optimal servocompensator given by
Ei =A,¢; + Byes =Cé,

where the cost criterion chosen to be minimized and the
definition of the compensator parameters are outlined in
Appendix A. When such a controller exists, the ith error
exi =1,...,v, is asymptotically driven to zero for all distur-
bances [Eq. (2)] and reference inputs [Eq. (3)] and the overall
system is stable. A block diagram of the closed-loop system
illustrating one local control loop is given in Fig. 1.
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II. Optical Tracking System Example

Consider the planar multiple-mirror/flexible/slewing beam
structure shown in Fig. 2. A complete model of the system has
been developed,®® which features hub slewing and structural
actuation capabilities. In Appendix B, a detailed optical anal-
ysis is presented, which leads to a set of nonlinear, algebraic
ray-path equations needed for controller design.

This configuration was chosen because it results in a simple
mathematical formulation but yet poses challenging diffi-
culties with regard to modeling and control. The first, station-
ary mirror (rigid mount) is added to the model since, in an
envisioned laboratory setup, it would allow for easy manipula-
tion of the ray origin while maintaining a stationary light
source. The servomotor is used to slew the flexible beam; in
future work, it will be incorporated into the design as part of
time-optimal slewing control experiments. Although simplistic
in design relative to large-scale space-based systems, this
example is generic in nature to a point that it offers problems
similar in spirit to those encountered in most projected large
space structure applications for LOS regulation in optical
tracking systems.

In this specific example, the interaction between the mirror
motors and the beam is neglected so that the system model
turns out to be uncoupled, as it only involves the three mirror
actuator dynamics. Moreover, if an attempt had been made to
do active structural damping simultaneously, the system dy-
namics would be coupled, which also involves structural
parameters. Assume then that the mirror motors are identical
and described by the following simplified state equations:

%;= A%+ B,u; + ES
8, = C,.x, + F9, i=123

where x, =[y,¢¥]7, i=123, and the mirror angles ¥,
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i=1,23, are defined in Appendix B. There are now three
problems to be investigated: 1) modeling of the flexure effects,
2) specification of the individual set points for the mirror
angles, and 3) design of the compensator.

Modeling of the Flexure Effects

The most widely accepted means for obtaining a finite-di-
mensional state-space representation for flexible structures is
the well-known finite-element method. However, in the case of
a simple structure, such as the slewing beam, the equations of
motion can be solved analytically and an adequate model can
be derived. A recent development?? of a laboratory setup of
an aluminum slewing beam will be used in this paper. The
I-dimensional model in modal coordinates can be written as

4 +Q%q = B,

where Q eR’*/is a diagonal matrix of beam structural modes,
7,(f) is the applied torque at the hub of the beam, and
q = W4 r17, where i4(¢) is the slewing angle and #(#) is a vector
of modal coordinates. In this formulation, it has been as-
sumed that the beam is uniform and homogeneous, and that
only transverse and bending motions are of interest.

The vector of physical coordinates is composed of the local
beam’s displacements and their spatial derivatives (bending
angles) at a finite number of nodes. This vector is the same as
the disturbance vector defined earlier, and can be constructed
by the relation

where T is an orthogonal similarity transformation (modal
matrix).

Specification of Mirror Set Points

As a control objective in controller design for this example
system, we define the constant set-point problem as follows:
given a desired y, on the screen, solve the ray-path equations
(see Appendix B) for the required angles ¥, ¥, V5, and ¥,.
This is a difficuit inverse kinematics problem, which, in gen-
eral, has. many solutions. One way to reduce the size of the
solution space considerably is to force the ray to follow a
nominal trajectory, which is chosen based on the particular
geometry of the problem. In this manner, a local tracking
problem can be defined for each mirror.

" Cast in this ray-tracing formulation, we propose a control
strategy based on the principle of maintaining the ray on the
center of each mirror throughout the optical path; i.e., for this
particular structure, the nominal trajectory is defined to be the
line joining the centers of the primary, hub, and secondary
mirrors, in that order. The relegation of set points to mirror
actuators is, therefore, done by assuming that rays are to hit
the center of the next mirror along the ray path. With this
additional constraint and given the desired set point on the
screen y, and the slewing angle ¥, the required mirror
settings are found to be

¥, = 5 arctan{p,/(%, — %))] @)
Yo =y, — s (8)
Y3 =50 +¥a) 9
where the angle o, is given by
g, = arctan[i’i—:%’;] (10)

and the coordinate (X,,y;) of the center of the tip mirror is
simply

X3 =X, — L cos({,), V3=7,+ Lsin(y,)
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where (X,,7,) is the coordinate of the center of the hub mirror,
and L is the undeformed length of the beam.

Coupling of problems 1 and 2 is achieved by defining a
“flexibility angle” B(¢) that is approximated by B(f) ~ yy,/L,
where y, is the local displacement of the tip of the beam. In
this case, the effective (flexible) slewing angle is ¥4 = y, + B.

Design of the Compensator

A reduced-order optimal servocompensator has been de-
signed and applied to the preceding motor models. [This
design was not carried through for mirror motor 1, since it
only needs to be adjusted (once) to the constant value given
by Eq. (7).] The mirror control law is given by

uft) = —Kijx,— Kin{t), i=23 (1n
where #n,(f) is the output of the ith servocompensator
& =As,-£i + Bs,-el’ = Csisi, i=23
K},K7, i = 2,3, are constant gains, and the triples (4,,B,,C,),
i =23, are specified next.
Following the approach outlined in Sec. II and Appendix

A, we define the characteristic polynomial of the compensator
for mirror motors 2 and 3 to be

a(s) = s° + a,5* + ays* + as* + a5 + a4
where
a,=2(¢w1 + {,0,)
a3 = 01 + 03+ 4, 0,0,
a, = 200,03 + 200,07
a, = o3w3

a,=0

“so that the first two modes of the system and the constant

reference signal are tracked. The control law is then given by
Eq. (11), where the gains (K1,K?), i =2,3, are obtained by
solving an appropriate Ricatti equation (see Ref. 24 for
details) and the triples (4,,B,,C,), { = 2,3, are constructed as
follows:

0 1 0 0 0
0 0 1 0 0
A,=T | 0 0 0 0 o| 7!
0 0 0 0 1
—ay, —a; —a, —a; —a,
0 a. a a a 1
0 a a a, 1 0
B,=T)10 C,=|az a 1 0 0fT!
0 a 1 0 0 0
1 1. 0 0 0 0

where T is an arbitrary nonsingular transformation (set to
identity in the simulations).

IV. Simulation Results
In this section, we present control simulations of the exam-
ple mirror structure for the constant set-point problem de-
scribed earlier. Since our present study does not address
slewing control, we generate a slewing angle profile by select-
ing the following hub torque control law:

Tp = — an‘//4—Kue‘/}4+ l/’g

for constant gains K, K,, and desired hub angle y4. The
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Table 1 Physical properties and modes of the flexible beam

Material Aluminum
Length, m 1

Cross section, m? 1.5875 x 10—*
Height, m 0.1

Young’s modulus, N/m? 6.8944 x 10°
Linear density, kg/m 0.4847
Moment of area, m* 3.334 x 10~ 1!

Structural modes, Hz Closed-loop poles

0.0 —209E—3+ j0.753
0.4417 —83SE-2+ j4T2
1.0591 - —614E—1+ j13.74
2.3042 —677TE00 + j12.29
4.3555 —0.24 E00 + j27.29
7.1405 —87SE—2+ j44ss

10.638 —405E—2% j66.83

14.841 —218E—2+ j93.24

19.747 —1.30 E —2 +/124.08

Table 2 RMS errors using servocompensator control

No. of modes

sensed EP,, urad EP,, yrad E,;,, mm
2 0.2263 0.1549 94.76
4 0.6889 0.4831 2.684

mirror motor parameters (4,,, B,,, C,) are taken to be

o 1 0
= = =[1
Am [0 —314.16]’ Bn [1] Cn =101

and to simplify the simulations we set matrices E; and F; to
zero.

The physical dimensions, material properties, and the first
nine structural modes of the beam are presented in Table 1. In
this table, we also list the corresponding closed-loop poles for
the choice of gains (K,,;K,,) =(1.1;0.1). Figure 3 illustrates a
20-s time history of the slewing angle profile and of the
beam-tip position for the full-order model also regarded as
the truth model. (Programs were run on a VAX 11/785
computer in double-precision FORTRAN code.) In order to
simulate the performance of a noiseless band-limited sensor,
the flexibility angle § is generated from reduced-order models
retaining two and four modes, and is used to develop the
reference signals y ¢ for each mirror motor. The sampling time
is T, =0.005 s.

Initially, the structure is at rest with x; = —0.1 m, (X,,7,) =
(—3.00,0.00) m, (%,,5,) =(—1.250.75) m, y,,=29m, and
Y,=>55deg. A 25-deg slew and three new set points at
different times are requested: y,=1.9m at the start of the
slew; y,=20m at t=8.0s; and y,=1.8m at t=14.0s.
Figure 4 shows the behavior of the hub and tip mirrors and
the resulting yy;, on the screen. These plots illustrate typical
results corresponding to the case when four modes are being
sensed. The transient lasts only for about 0.2 s and, realisti-
cally speaking, the ray should be off during this “lock-on-
target” period of time. Observe that these simulations point
out that there exist a set of targets reachable by mirror control
only without requiring any further slewing action.

Consider now the case of tracking only the constant set
point y, = 1.9. The following figure of merit is defined as

N
rms(data) = /_]1\} Y (data)?,
i=1

where N is the number of data points. The rms tracking errors

40<1r<200
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are defined as follows:

EP, £ y5—y,, EP3él//‘3i—|//3, Eic & Yhiv — Va
where yy;, is always computed based on the fruth model. Table
2 lists our results for the controller designed in the previous

section.
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We summarize our results by making the following obser-
vations:

1) The control design is robust in the sense that reasonable
tracking performance is maintained when the control is ap-
plied to a higher-order truth model. Note that, when the
servocompensator is required to track more than two modes,
the result is simply a slight increase in EP, and EP; and a
substantial decrease in E,;,.

2) We have also investigated the performance of a simple
proportional control law,?® and found comparable results as
far as E;, is concerned. However, a considerable improve-
ment is observed in EP, and EP; when the servocompensator
is used. This is to be expected because of the optimal nature
of that design.

3) Our simulations illustrate that control relegation ideas
may be applicable to decide whether to slew and by how
much, and whether it is possible to reach a target by adjusting
the mirrors only. Clearly, one choice of optimal policy is to
slew the structure the least so that flexure disturbances are
kept to a minimum.

4) Our study also indicates that a major design effort
should be directed toward relegation of dynamic-range capa-
bilities for the different mirror actuators. For example, it is
clear that, if flexure effects are minimized, and depending on
the target-tracking requirements, then, in the system described
here, the tip mirror control may require a higher bandwidth
than the hub mirror control. Further results on the issue of
output set-point relegation may be found in Ref. 26.

5) We identify two sources of error in Ey;: 1) the mirror
motor dynamics and 2) the lack of knowledge of the exact
position of the tip of the beam. The effect of the motor
dynamics may be reduced by employing very-high-bandwidth
actuators. The contribution of the second error source is
dominant however, and can be best demonstrated through a
graphical illustration. Consider the case shown in Fig. 5,
where we assume that the error caused by the motor dynamics
is zero so that the ray goes through the point (X3,73)measurea- It
can be shown that, in this case, E,; is proportional to Af,
where AB < 1, and represents the sensor error due to band-
width, resolution, or additive noise. Therefore, sensor error on
the order of milliradians will inevitably result in Ey;, being on
the order of millimeters.

6) The previous discussion leads us to the idea of employ-
ing estimation schemes such as Kalman filtering in an attempt
to improve the accuracy of the measured tip information.
Although some results along this line of research have been
reported recently in a separate study,”” we have not imple-
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mented such ideas in the designs of this paper. However, for
the purpose of evaluating any positive effect of tip position
prediction, we have investigated the rms tracking errors ob-
tained when a proportional controller is based on the ideal
“n-step-ahead predicted” information

B(®) = Bt +nTy)

where T, is the sampling time. The rms errors obtained with
such a predictor are only slightly better; therefore, we are led
to conclude that a real-time predicting scheme will increase
the complexity of the controller further and may not improve
the results appreciably.

7) We point out that the model used in this work does not
include certain interactions, such as coupling between the hub
mirror angle and slewing action and coupling between tip
mirror actuation and structural deformations of the beam.
Although we mentioned that a complete model already has
been assembled, its use would necessarily involve slewing,
active structural vibration damping, sensor dynamics, ray-
path regulation, model-order reduction, and spillover issues.
The overall control problem is obviously very complex. In this
paper, we have initiated, identified, and put into focus some of
the relevant problems in the design of controllers for optical

- tracking systems.

V. Conclusion

In this paper, we have considered issues arising in the
modeling and control of optical ray-tracing mirror systems
mounted on flexible structures. The problem has been cast in
a decentralized framework, and the control strategies devel-
oped have been analyzed from a relegation viewpoint. Simula-
tion studies have shown that fine line-of-sight control within
bandwidth limitations of the actuation devices is possible,
although very sophisticated sensing devices must be developed
to match the expectation of high-accuracy pointing systems.
The interconnection of several mirror systems and desired
control actions is obviously a complex problem. For example,
a recent study indicated potential problem areas regarding
robustness (system sensitivity) due in part to cross-dynamic
coupling. The decentralized/relegated control scheme de-
scribed in this paper serves the purpose of illustrating a
potential interconnection and control strategy, and can be
used to specify a working model for controller analysis and
design. '

Appendix A
In this Appendix, we briefly outline the decentralized opti-
mal servocompensator problem. The approach follows the
one developed by Iftar and Ozgiiner.?* Let

A)=s"+a, "'+ +a (A1)

be the least common multiple of the characteristic polynomi-
als of A; and A,. Define the operator

dr dr! d
+ota—+a

a7 -
S"dﬂ’-}-a""‘dﬂ’—1 dr

where ag,a,,...,a, | are the scalars defined in Eq. (Al). Then
let

>

X & Sx, i; £ Su, e2felel,...efl”
where (+)7 denotes the transpose of (+),
13} L e(P—l)_*_alee(P—z)_*_ e a,+ae

€2ée(P—2)+apAle(P—3)+ a4 ae

”[>' .
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()® denotes the kth time derivative of (-), e £ (e7....,e7]7,

and z £[x ¢]7. Then we can write the augmented system

:=AdAz+ ) Bg
fe=1
where
4 0 0 0 'B,]
Cc 0 0 —al, D¥
A= |0 I , B= |0
0 I —a, I 0

* L . T T
Di = [Omix =2} rj,Di ’omix E]’?=,-+1'j]

c&[ct.,...cqr, r&y¥ o
/=1

and I, denotes the k x k identity matrix.
Next, we define the following cost function to be mini-
mized:

J=j (zTQz+ Y ﬁ,.TR,JZ,> dt (A2)
0 i=1
where @ =070, R,=RT >0, i=1,..,v.

The optimal control law is given by Eq. (6), where the
decentralized servocompensator parameters are constructed in
the following manner:

0 L, 0
4,=T | ° T-!
! 0 0 I,
—apl,, —al, - —a, I,
0 al,, al, ... a, I, 1,
B =T c = |@l, al, .. L, 0| 7—1

0 : 0
ri Iri

T is a nonsingular transformation matrix, and the constant
gain matrices K! and K? satisfy an appropriate Riccati equa-
tion (see Ref. 24 for details).

We can then state that, under certain controllability/observ-
ability and rank conditions, the controller described by Eq.
(6) exhibits the following properties:

1) Asymptotic regulation takes place for all disturbances
and for all reference inputs, as described in Sec. I

2) The overall system is stable.

3) The cost, given by Eq. (A2), is minimized.

4) If the disturbance 6 and the reference input y, are
bounded, then the input u is bounded.

5) The controller is robust with respect to a class of system
parameter perturbations.

Appendix B

In this Appendix, we outline a general methodology that
can be used to obtain the ray-path equations in multiple-mir-
ror/flexible-slewing structures. The approach developed here
borrows the standard mathematical notation used to describe
the direct kinematics of robotic manipulators.

In order to introduce the notation used throughout, con-
sider two coordinate frames {4} and {B} as shown in Fig. B1,
where

(O, = unit vector in the (.) direction of coordinate frame 4
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4P, = any point in frame B referenced to frame A

AP pors = vector connecting the origins of frames 4 and B

The vector P in frame B is represented in frame A according

to
ap Bp
|: 18:|=‘;T[ 13] or APB=';RBPB APBorg

where 47T is the 3 x 3 homogeneous coordinate frame trans-
formation matrix and 4R is the 2 x 2 orthogonal rotation
matrix given by, respectively,

ire 4R 4Py , iR & cosfy, sinfg,
0 1 —sinfg, cosfg,

where 0, is the angle between £ and £, and is positive when
measured counterclockwise.

Consider the top view of the mirror structure as shown in
Fig. B2. Define the homogeneous frame transformations

(4R P, ip ="5Cl_
P O 1 > Porg 0

>

-z L -
LT A UR PUorg . L A X3
vt = ? Uorg — };
/2]

ira (4R 1P : tp, & %3 | _[*2—Lcosyy
0 1 ore _)73_ _}72 -+ L Sin l//4
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Fig. B3 Example for coordinate determination.
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where L is the length of the undeformed beam and i, is the
hub slewing angle.

The following example will illustrate the procedure as we
determine the coordinate of the point where the ray hits the
hub mirror. Consider mirrors 1 and 2 shown in Fig. B3 with
reference frames {P} and {U}, where &, is a unit vector in the
direction of the reflected ray. Let YP, =[0f]7 denote the
point where the ray hits mirror 2. The reflected ray can be
described as a two-dimensional line given by the set of points

z,={z:z2=2z,+pd,}
in {P}, where z, denotes the coordinate of the origin of the

ray and p is a real constant. The intersection of the ray with
the hub mirror can be found by solving the expression

e

from which
_Jasinfy + (X — X)) cos b,y
COS(GPU =)
e (3, — %,) sin(8,p +7v,) + 7, c08(8,» +7,)

cos(0,y —8rp —7,)

where we have used the fact that 8, =0, — 0, p, zo = [0 0]7,
and, where, y, is the angle of reflection of the ray.
In terms of the fixed reference frame {L},

tp, Ly vp, X, X, + fsin 6y,
= = =
1 v 1 V2 J2+fcos by,
The remaining coordinates (x3,)3), (XpiVn) are obtained in
a similar straightforward manner, and we will simply present

the final results. Define 0, , =V, 8,, =V,, and 0,5 =5, as
illustrated in Fig. B4. The ray hit coordinates can be shown to
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be given by
X, =X, »1=0 (BI)
_ Ja+ X% tan(2y,) + X, cot(y,)
2T T an(2yy) + coty) (B2)
¥2 = (x, — X,) tan(2y,) (B3)
o Y2— P3+ X tan[ 20y, — o)) — X5 cot(r; — ) (B4)
’ tan[2(), — ¥)] — cot(s — ¥,)
V3= s+ (X2 — x3) tan[2(¥; — ¥)] (B5)
Xhit = Xs (B6)
Puir = Y3 + (g — x3) tan[2(0; — ¥, + Y5 — ¥,)] (B7)

where we have assumed (without loss of generality) that the
ray is adjusted to hit the center of mirror 1. Also, to ensure
that the ray hits the surfaces of the hub and tip mirrors, the
following bounds are imposed on angles ¥, ¥,, ¥, and ¥

J» — 5l cos()

7t %f cos(y,)
X, 431 siny,) — % 5 — 3 sin(y;) — %
- 1%
Js—3lcos(Ys ~ ) — 2
— — < tan[2(y, —¥,)]
Xy = 5 sin(y — ) — % T
73+ %IACOS(!/@ ~¥4) — 1
Xy + 5 sin(Ys — ) — %3
where [ is the side length of the mirrors (assumed to be
square-shaped).

<tan(2y,) <—
. x
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